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Introduction

rl‘HE Fredholm integral equations of the second kind that
A govern radiant heat transfer do not lend themselves to
analytical treatment. As a result there are few exact solu-
tions. Moreover, when these equations are singular, certain
difficulties are encountered in obtaining numerical solutions.
A good example is that of radiant heat transfer for adjoint
plates, which was first studied by Sparrow et al.! and more
recently by Love and Turner.? Because the governing
integral equation is singular at the vertex of the adjoint
plates, the numerical solutions encounter convergence diffi-
culties in this region. It appears, moreover, that these
authors could not obtain satisfactory convergence when the
angle between the adjoint plates was small.  This note is con-
cerned with the analytical treatment at the vertex, which is
of some theoretical as well as practical interest. The exact
value of the heat transfer at the vertex is obtained together
with the asymptotic behavior near the vertex.

Heat Transfer at the Vertex

The adjoint-plate configuration is shown in Fig. 1. The
upper and lower plates have the same length, temperature,
and surface properties (grey and diffuse), and they are
separated by a vacuum. If the nondimensional distance and
radiosity are denoted by X = z/L and B(X) = R(X)/eaT",
the governing equation for 8(X) appears as'.?

800 = 14\ [ BNEE V)ay m
where
A= 1p sin2f @)
L A

Fig.1 Adjoint-plate con-
figuration.
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Fig. 2 Heat transfer at vertex.

K(X,Y) = XY[X? — 2XY cosfl + V2|32 3)

and p = (1 — €) is the reflectance.
Equation (1) can be written alternatively by means of the
substitution ¥ = Xu;

BX) =1+ A fO”X B(Xw)K (1u)du )

The radiosity at the vertex is determined by setting X = 0in
Eq. (4). We obtain

80) = 1+ 280 [,” K(Lwdu ®)

After evaluating the integral in Eq. (5) by means of standard
integral tables, we solve for 8(0) and obtain

B0) = [1 — pcos*(6/2)]™ (6)

This is the exact value. The heat transfer is determined from
the radiosity!'? and is found to be

g0) 1 —eB(0)  sin%6/2)

ecTt o "1 — pcos?(6/2)

@

Equation (7) is plotted in Fig. 2 for various values of the
emittance e = (I — p). Also shown are the numerical values
obtained by Sparrow et al.! and Love and Turner.? The
numerical values are seen to fall slightly above the exact
values for the smaller values of 6 and e. This discrepancy
arises because of the singular behavior of Eq. (1) at X = 0,
which causes loss of accuracy in the numerical solution in this
region. An asymptotic investigation reveals the nonanalytic
behavior of the solution near X = 0.

Asymptotic Behavior

Preliminary investigation of the solution of Eq. (1) by
means of the Neumann series? leads to the assumed behavior

BX) ~ B+ BX1" X —>0,0<a<] 8

The constants 8o, 81, and « are to be determined by substi-
tuting Eq. (8) into Eq. (4) and collecting like powers of X
asymptotically as X — 0. This procedure yields
Bo+ BiXP = (14 NBob) — ABo + (B/ @) ]X +

AGiQ(o,) X1~ 4+ 0(X1), X — 0 (9
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Fig. 3 Asymptotic behavior.

where
b== (1 + cosb) esc?d

Qa0) = j:)‘” WK (L u)du, 0 < a <1  (10)

A term that varies like X was omitted in Eq. (8) because it
would generate a term like X InX on the right-hand side of
Eq. (9), which is not permissible since X InX dominates X as
X —0.

Equating like powers of X gives

X% B =1+ Nofo an
X: 0=08 + B/ (12)
Xi=a 1 = \Q(a,0) 13)

Solving Eq. (11) for B, gives 8, = B(0) as given by Eq. (6).
The value of 8, is determined from Eq. (12) as 8, = —aB(0).
Equation (13) determines « as a function of A and 6.

The explicit inversion of Eq. (13) for « as a function of #
and \ is quite laborious in general. We can, however, obtain
an approximate expression for small « which illustrates the
behavior. Using Eq. (10), one can show

(="
n!

Q) = —+ 3 1a(6) (14)
n=0

o

where
o (Inu)»
1 (0) E—:-fl v [w2K(1,u) — 1] du +

fo o) K(Lwdu  (15)

Using standard integral tables, we evaluate uo as

2 2 cosf — 1
o = lll[l — cosﬂ] +

1 — cosf
For small « it follows that
o = M1 = o) + 0(a) an

When 8 = 7/2, @(a,7/2) can be evaluated in terms of gamma
functions. We then obtain

(16)

_ I'd)
TUTE = @27 + @/2)

A (18)

For small X, the heat transfer is

o(X) sin®(6/2) aB®) o1 u v
ol T pee@ T, X X0 A9

This expression shows the nonanalytic behavior when X — 0.
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Since 0 < a < 1, the derivative of ¢(X) is infinite at the ver-
tex. Unless especially accounted for, this behavior causes
difficulty in numerical solutions. The singular behavior be-
comes stronger as « increases.

Equation (19) is plotted in Fig. 3 for § = /2, in which case
Eq. (18) can be used to evaluate «. Also shown are the
numerical results of Love and Turner,? which agree quite well
with Eq. (19) at the vertex for this case. Moreover, Eq.
(19), although valid only for small X, gives good results over
a larger range than was strictly intended.
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A. A. SurHERLAND JR.*¥ AND D. W. KurIn*®

The Analytic Sciences Corporation,
Reading, Mass.

Nomenclature
H = measurement matrix
K = filter gain matrix
P(—) = covariance matrix of estimation errors, prior to an up-
date
P(+) = covariance matrix of estimation errors, after an update
u = vector of system disturbances (process noise)
v = vector of measurement noise
x = state vector, prior to a correction
x’ = state vector, immediately after a correction
x(—) = estimate of state, immediately prior to incorporating a

new measurement
%(+) = estimate of state, after incorporating a new measure-
ment in the estimate but prior to correcting the state

oy

X = estimate of state, immediately after correcting the
state

x(—) = errorin the state estimate, prior to incorporating a new
measurement

X(+) = error in the state estimate, immediately after in-
corporating a measurement

4 = measurement vector

®(t;,t;) = state transition matrix relating change in state vector
over interval ¢; to ¢;

Subscripts

tn = pertaining to time¢ = ¢,

n = also pertaining to time ¢ = ¢,

Superscripts

* = the version implemented in the linear estimator

T = transpose of a vector or matrix

TWO common problems facing the designer of a Kalman
estimator are the finite operation times inherent in any
digital computer implementation and the modeling of corre-
lations in the measurement errors. It is frequently impracti-
cal to provide a complete treatment of correlated measure-
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